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Abstract
Transition decay widths by one-pion emissions for excited heavy-baryons with a single heavy
(charm and bottom) quark are investigated by following the heavy-quark symmetry and its break-
ing effects at O(1/M) for a heavy-baryon mass M . Based on the heavy-baryon effective theory,
interaction Lagrangian for the heavy baryons with axial-vector current induced by a pion is con-
structed. It is presented that the transition decay widths up to O(1/M) in several channels are
constrained. The results will be useful in experimental study of excited heavy-baryons.
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Heavy hadrons and nuclei containing a single heavy (charm and bottom) quark give a
simplified picture of QCD due to the heavy-quark (spin) symmetry in the heavy mass limit
[1, 2]. This symmetry sheds light on complicated structures in spectroscopy [3], not only
for conventionally known heavy hadrons, but also for exotic heavy hadrons found recently
in experiments [4] as well as hypothetical heavy-flavored nuclei [5–8]. Among them, we
study excited heavy baryons (Qqq). They can have relatively small decay widths even for
higher spins in contrast to the light flavor sector [9]. The existence of heavy quarks clarifies
motions of diquarks (qq) [10], leading to color non-singlet spectroscopy [11] and to a variety
of diquark condensates in high density QCD matter [12]. At present, however, only a few
low excited states are known in experiments, and their properties are also still veiled. We
study transition decays with one-pion emissions, and find constraints imposed on them from
a view of the breaking of the heavy-quark symmetry.
Let us summarize briefly the known results, which are applicable to any heavy hadrons
with a single heavy quark, in the heavy-quark mass limit [3, 13]. In this limit, the heavy-
quark spin ~S (S = 1/2) is conserved, because the spin-dependent interactions are suppressed
by inverse of the heavy-quark mass. This is called the heavy-quark symmetry. The total
spin ~J of the heavy hadron containing the heavy quark is naturally conserved. Hence, the
brown muck, i.e. the light component other than the heavy quark, has a conserved total spin
~j = ~J − ~S, no matter how the structure of the brown muck is complex. We introduce the
notion Ψ
(j)
J for the heavy hadron with brown-muck spin j and hadron total spin J = j±1/2,
which is either the HQS doublet (j ≥ 1/2) or the singlet (j = 0). The two states in the
HQS doublet are exactly degenerate in mass. The transitions are also expressed in a simple
form. Let us consider the decay with one-pion emission, Ψ
(j)
J →Ψ
′(j′)
J ′ π. The decay width is
given by
Γ[Ψ
(j)
J →Ψ
′(j′)
J ′ π] ∝ (2j + 1)(2j
′ + 1)
∣∣∣∣∣∣∣


L j′ j
1/2 J J ′


∣∣∣∣∣∣∣
2
, (1)
with J = j ± 1/2, J ′ = j′ ± 1/2 and relative angular momentum L in the final state [3].
The formula (1) is applicable as far as only the leading order in the 1/M expansion with a
heavy-hadron mass M is concerned.
To neglect higher orders in the expansion is, however, not always a good approximation
due to the finite masses of charm and bottom quarks. For systematic study of the higher
orders, the formalism of the heavy-hadron effective theory is useful [13–19]. The applications
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to heavy baryons were studied [17, 20], and the transition decays were investigated for several
excited states [21, 22]. However, they dealt with only the heavy-quark limit, whose results
are naturally consistent with those obtained from Eq. (1). Corrections at O(1/M) were
investigated already in early works [20], where only the ground states with brown-muck
spins zero and one were investigated. In the present article, we study excited heavy-baryons
with arbitrary brown-muck spin.
For the 1/M corrections for the heavy baryons, the effective Lagrangians are constructed
in the following ways. First, we define the effective fields for heavy baryons with arbitrary
brown-muck spin in the heavy-quark limit [23], whose leading term in the effective La-
grangian is given by the heavy-quark symmetry. Second, we introduce the 1/M corrections
in the effective Lagrangian. We impose the invariance under the velocity rearrangement
(VR), which is a boost transformation between coordinate fames with different velocities
vµ and wµ = vµ + qµ/M with a small momentum qµ ≪ M [24, 25]. We also introduce the
breaking terms for the heavy-quark symmetry, which is realized by the spin-operator acting
on the heavy-quark spin. Because the Lagrangian is uniquely determined thanks to the
heavy-quark symmetry and its breaking at O(1/M), our results hold up to O(1/M) without
loss of generality. The application to the ground state was demonstrated in Ref. [20].
To start the discussion, we introduce a tensor-spinor field for the heavy baryon with
four-velocity vµ and brown-muck spin j [23]
ψµ1···µj = Aµ1···µjuh, (2)
defined in the heavy-quark limit, where uh is a heavy-quark spinor field projected to positive-
energy state
v/uh = uh, (3)
and Aµ1···µj is a tensor field of the brown muck with the following properties
Aµ1···µk ···µℓ···µj = Aµ1···µℓ···µk ···µj , (4)
vµ1A
µ1···µj = 0, (5)
gµ1µ2A
µ1µ2···µj = 0. (6)
Then, the conditions for ψµ1···µj are given by
v/ψµ1···µj = ψµ1···µj , (7)
3
ψµ1···µk ···µℓ···µj = ψµ1···µℓ···µk ···µj , (8)
vµ1ψ
µ1···µj = 0, (9)
gµ1µ2ψ
µ1µ2···µj = 0. (10)
The last two conditions are required for exclusion of the irrelevant lower-spin components.
Note that ψµ1···µj is a superposition of two states with total spins j− 1/2 and j+1/2 in the
HQS doublet (j 6= 0) [26]. The projection to each state is given as [23]
ψ
µ1···µj−1
j−1/2 =
√
j
2j + 1
γ5γµjψ
µ1···µj , (11)
ψ
µ1···µj
j+1/2 = ψ
µ1···µj
−
1
2j + 1
(
(γµ1 + vµ1) γν1g
µ2
ν2
· · · gµjνj + · · ·
+gµ1ν1 · · · g
µj−1
νj−1
(γµj + vµj ) γνj
)
ψν1···νj . (12)
We confirm that ψ
µ1···µj−1
j−1/2 and ψ
µ1···µj
j+1/2 satisfy also
γµ1ψ
µ1···µj−1
j−1/2 = 0, (13)
γµ1ψ
µ1···µj
j+1/2 = 0, (14)
in addition to the conditions (7)-(10) in those ψµ1···µj is replaced to ψ
µ1···µj−1
j−1/2 and ψ
µ1···µj
j+1/2 .
For example, ψµ13/2 is the Rarita-Schwinger field with spin 3/2 [27].
Now, we consider the interaction of heavy baryons and pions. It is given as a coupling
of tensor-spinor field ψµ1···µj and axial-current Aµ = −∂µπˆ/fpi+O(πˆ
n≥2) with a pion field πˆ
and a pion decay constant fpi. In the present study, we consider the transitions between the
heavy baryons with same parity. In this case, the transitions by one-pion emissions occur by
p-wave, and hence relatively small decay widths are expected. For opposite parity, on the
other hand, the transitions occur by s-wave and the decay widths would be a sizable number,
and they are hard to be observed. We consider two cases. One is the transitions between the
different HQS doublets/singlets with brown-muck spins j and j + 1, (i) Ψ
(j+1)
J2 →Ψ
(j)
J1 π and
(ii) Ψ
(j)
J1 →Ψ
(j+1)
J2 π with J1 = j ± 1/2 and J2 = j + 1/2, j + 3/2. Another is the transitions
between those with same brown-muck spin j, Ψ
(j)
J2
→Ψ
′(j)
J1
π with J1, J2 = j ± 1/2. We call
the former the (j, j + 1) transitions and the latter the (j, j) transitions. We exclude the
possibility of the transitions between the two states in the same HQS doublet.
First, we consider the interaction Lagrangian for the (j, j + 1) transitions. Denoting
the effective fields ψ
µ1···µj
1 and ψ
µ1···µj+1
2 (j ≥ 0) for heavy baryons Ψ
(j)
J1 and Ψ
(j+1)
J2 [28], the
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interaction Lagrangian is given by the 1/M expansion,
L
(j,j+1)
int = g
(j,j+1)ψ¯
µ1···µj
1 Aµj+1ψ2µ1···µj
µj+1
+
g
(j,j+1)
1
M
ψ¯
µ1···µj
1 εµj+1ρστv
ρAσSτvψ2µ1···µj
µj+1
+ h.c.+O(1/M2), (15)
with coupling constants g(j,j+1) and g
(j,j+1)
1 . The first term happens to keep the invariance
under VR. In the second term, we introduce the spin-operator (the Pauli-Lubanski vector)
Sµv = −
1
2
γ5 (γ
µv/− vµ) acting on the heavy-quark spin. It induces the breaking of the heavy-
quark symmetry. This is understood by S0vr = 0 and S
i
vr = σ
i/2 with the Pauli matrices σi
(i = 1, 2, 3) in the rest frame vr = (1,~0 ) (cf. Ref. [29]).
Second, we consider the interaction Lagrangian for the (j, j) transitions. Denoting the
effective fields ψ
µ1···µj
1 and ψ
µ1···µj
2 for heavy baryons Ψ
′(j)
J1 and Ψ
(j)
J2 , the interaction Lagrangian
is given by the 1/M expansion. For j ≥ 1, we have
L
(j,j)
int = g
(j,j)ψ¯
µ1···µj
1 iεµ1ρ1αβv
αAβψ2
ρ1
µ2···µj
+
g(j,j)
2M
ψ¯
µ1···µj
1 iεµ1ρ1αβiD
α
⊥(ψ2)A
βψ2
ρ1
µ2···µj
−
g(j,j)
2M
ψ¯
µ1···µj
1 iεµ1ρ1αβi
←−
D
α
⊥(ψ1)A
βψ2
ρ1
µ2···µj
+
g
(j,j)
1
2M
ψ¯
µ1···µj
1 Sv ·Aψ2µ1···µj
+
g
(j,j)
2
2M
ψ¯
µ1···µj
1 (Svµ1Aρ1 + Svρ1Aµ1)ψ2
ρ1
µ2···µj
+ h.c. +O(1/M2), (16)
with coupling constants g(j,j+1), g
(j,j+1)
1 and g
(j,j+1)
2 . Here we define D
α
⊥ = D
α − vα v ·D
for a chirally covariant derivative Dα = ∂α − iVα with a pion vector current Vα. In the
above equations, Dα⊥(ψ2) and
←−
D
α
⊥(ψ1) indicate that they are operated to ψ
ρ1···ρj
2 and ψ¯
µ1···µj
1 ,
respectively. In Eq. (16), the first three terms keep the invariance under VR. The fourth
and fifth terms give the breaking of the heavy-quark symmetry, because the spin-operator
Sµv is inserted. For j = 0, we have
L
(0,0)
int =
g
(0,0)
1
M
ψ¯1Sv ·Aψ2 + h.c. +O(1/M
2), (17)
with a coupling constant g
(0,0)
1 . We note that there is no leading order term. Noting that
the decay width becomes O(1/M2), we find that this is the case out of scope in the present
accuracy.
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Given the interaction Lagrangians (15) and (16), we investigate the (j, j + 1) and (j, j)
transitions, respectively.
First, we consider the (j, j + 1) transitions. We have two possibilities in kinematics;
M
(j+1)
J2
> M
(j)
J1
+mpi for (i), and M
(j)
J1
> M
(j+1)
J2
+mpi for (ii), with M
(j+1)
J2
(M
(j)
J1
) being a
mass of Ψ
(j+1)
J2 (Ψ
(j)
J1 ) (mpi a mass of a pion). The transition decay widths Γ[Ψ
(j+1)
J2 →Ψ
(j)
J1 π]
for (i) and Γ[Ψ
(j)
J1 → Ψ
(j+1)
J2 π] for (ii) are given up to O(1/M) as sums of terms with the
coefficients
(
g(j,j+1)
)2
and g(j,j+1)g
(j,j+1)
1 /M . Because the values of the coupling constants are
not known, concrete numbers of the decay widths cannot be obtained. However, eliminating
g(j,j+1) and g
(j,j+1)
1 , we find the relations among the transition decay widths for each j which
should hold up to O(1/M). In case (i), we obtain
2 Γˇ[Ψ
(2)
3/2→Ψ
(1)
1/2π]− 4 Γˇ[Ψ
(2)
3/2→Ψ
(1)
3/2π]
= Γˇ[Ψ
(2)
5/2→Ψ
(1)
3/2π] +O(1/M
2), (18)
3
2
Γˇ[Ψ
(3)
5/2→Ψ
(2)
3/2π]− 6 Γˇ[Ψ
(3)
5/2→Ψ
(2)
5/2π]
= Γˇ[Ψ
(3)
7/2→Ψ
(2)
5/2π] +O(1/M
2), (19)
4
3
Γˇ[Ψ
(4)
7/2→Ψ
(3)
5/2π]− 8 Γˇ[Ψ
(4)
7/2→Ψ
(3)
7/2]
= Γˇ[Ψ
(4)
9/2→Ψ
(3)
7/2π] +O(1/M
2), (20)
where we define a dimensionless quantity
Γˇ[Ψ
(j+1)
J2 →Ψ
(j)
J1 π] =
1
K
(j+1,j)
J2,J1
Γ[Ψ
(j+1)
J2 →Ψ
(j)
J1 π], (21)
with a kinematic factor
K
(j+1,j)
J2,J1 =
1
2πf 2pi
((
∆(j+1,j)
)2
−m2pi
)3/2
, (22)
with ∆(j+1,j) = m2pi/2M
(j+1)
J2 +M
(j+1)
J2 −M
(j)
J1 . The relations (18)-(20) give constraints for
transition decay widths, which hold up to O(1/M). From the results, we may find a pattern
of equations for larger j. For any j ≥ 1, we find a general relation
j + 1
j
Γˇ[Ψ
(j+1)
j+1/2→Ψ
(j)
j−1/2π]−(2j + 2) Γˇ[Ψ
(j+1)
j+1/2→Ψ
(j)
j+1/2π]
= Γˇ[Ψ
(j+1)
j+3/2→Ψ
(j)
j+1/2π] +O(1/M
2), (23)
up to O(1/M).
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In case (ii), similarly, we obtain the relations among the transition decay widths as
Γˇ[Ψ
(1)
1/2→Ψ
(2)
3/2π] = 4 Γˇ[Ψ
(1)
3/2→Ψ
(2)
3/2π]
+
3
2
Γˇ[Ψ
(1)
3/2→Ψ
(2)
5/2π] +O(1/M
2), (24)
Γˇ[Ψ
(2)
3/2→Ψ
(3)
5/2π] = 6 Γˇ[Ψ
(2)
5/2→Ψ
(3)
5/2π]
+
3
4
Γˇ[Ψ
(2)
5/2→Ψ
(3)
7/2π] +O(1/M
2), (25)
Γˇ[Ψ
(3)
5/2→Ψ
(4)
7/2π] = 8 Γˇ[Ψ
(3)
7/2→Ψ
(4)
7/2π]
+
4
5
Γˇ[Ψ
(3)
7/2→Ψ
(4)
9/2π] +O(1/M
2). (26)
The relations (24)-(26) again give constraints for the transition decay widths, which hold
up to O(1/M). From the results, we may expect that similar relations will hold for larger
j. For any j ≥ 1, we find a general relation
Γˇ[Ψ
(j)
j−1/2→Ψ
(j+1)
j+1/2π]
= (2j + 2) Γˇ[Ψ
(j)
j+1/2→Ψ
(j+1)
j+1/2π]
+
j + 1
j + 2
Γˇ[Ψ
(j)
j+1/2→Ψ
(j+1)
j+3/2π] +O(1/M
2), (27)
up to O(1/M).
Second, we consider the (j, j) transitions, supposing M
(j)
J2
> M
′(j)
J1
+mpi with M
(j)
J2
(M
′(j)
J1
)
being a mass of Ψ
(j)
J2 (Ψ
′(j)
J1 ). The analysis is given in a similar way. For the calculated decay
width Γ[Ψ
(j)
J2 →Ψ
′(j)
J1 π] for each j, we eliminate g
(j), g
(j)
1 and g
(j)
2 , and use the approximation
1
M
(
M
(j)
J2 −M
′(j)
J1
)
=
1
M
(
M (j) −M ′(j)
)
+ O(1/M2), (28)
with M (j) (M ′(j)) being the value of M
(j)
J2
(M
′(j)
J1
) in the heavy-quark limit. Then, up to
O(1/M), we obtain the relations for the transition decay widths as
Γˇ(Ψ
(1)
1/2→Ψ
′(1)
3/2π) = 2 Γˇ(Ψ
(1)
3/2→Ψ
′(1)
1/2π) +O(1/M
2), (29)
Γˇ(Ψ
(2)
3/2→Ψ
′(2)
5/2π) =
3
2
Γˇ(Ψ
(2)
5/2→Ψ
′(2)
3/2π) +O(1/M
2), (30)
Γˇ(Ψ
(3)
5/2→Ψ
′(3)
7/2π) =
4
3
Γˇ(Ψ
(3)
7/2→Ψ
′(3)
5/2π) +O(1/M
2), (31)
where we define a dimensionless quantity
Γˇ[Ψ
(j)
J2 →Ψ
′(j)
J1 π] =
1
K
(j)
J2,J1
Γ[Ψ
(j)
J2 →Ψ
′(j)
J1 π], (32)
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with a kinematic factor
K
(j)
J2,J1=
1
2πf 2pi
((
∆
(j)
J2,J1
)2
−m2pi
)3/2
, (33)
with ∆
(j)
J2,J1 = m
2
pi/2M
(j)
J2 +M
(j)
J2 −M
′(j)
J1 . We may note the relations (29)-(31) hold already
at LO. Importantly, they hold also at NLO (O(1/M)) without modifications. The results
suggest a pattern of relations for larger j. For any j ≥ 1, we find a general relation
Γˇ[Ψ
(j)
j−1/2→Ψ
′(j)
j+1/2π] =
j + 1
j
Γˇ[Ψ
(j)
j+1/2→Ψ
′(j)
j−1/2π]
+ O(1/M2), (34)
up to O(1/M).
We have obtained the constraints among the transition decay widths, Eqs. (23) and
(27) for the (j, j + 1) transitions and Eq. (34) for the (j, j) transitions, which should hold
up to O(1/M). Note that those constraints are the conditions weaker than ones in the
heavy-quark limit, which are given by Eq. (1). We emphasize it important to utilize the
systematic breaking of the heavy-quark symmetry, namely the invariance under VR and
the heavy-quark spin operator Sµv , as presented in the Lagrangians (15), (16) and (17). We
conclude that the results up to O(1/M) hold in a model-independent manner, because the
Lagrangians are determined uniquely by construction up to this order.
We may remind us that a similar situation, that constraint relations are obtained from
the breaking of symmetry, is known as the Gell-Mann-Okubo mass formula in light flavor
SU(3) symmetry. For example, we have 4m2K = 3m
2
η +m
2
pi among K, η and π mesons. This
is obtained from the Gell-Mann-Oaks-Renner relation, namely the explicit breaking of the
SU(3) symmetry in the meson masses, m2pi = 2B0mˆ, m
2
K = B0(mˆ+ms), m
2
η =
2
3
B0(mˆ+2ms),
with a constant B0 and the averaged current mass of up and down quarks mˆ and the current
mass of strange quark ms (cf. Ref. [29]).
We consider only one-pion emission for heavy baryons. Applications to other processes
will be discussed in a similar formalism. In any cases, the invariance under VR and the
spin-operators for heavy quarks are important.
In summary, we study the transition decay widths with one-pion emissions for excited
heavy-baryons with arbitrary brown-muck spin. By considering the the 1/M expansion in
the heavy-baryon effective theory, we find the constraints for the transition decay widths
holding up to O(1/M). Those relations are useful to explore the experimental data for the
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transition decay widths of excited heavy-baryons with charm and bottom quarks. It may be
worthwhile to compare our results with the quark model calculations [21, 30–32]. However,
the direct comparison is difficult, because the breaking effects of the heavy-quark symmetry
were not fully considered in those references. The detailed study will be left for future works.
Because the present approach is quite general, similar formalisms will be applicable to heavy
mesons with arbitrary brown-muck spin [23] and to exotic hadrons and nuclei [5–8], as far
as the heavy-quark symmetry and its breaking effects are properly adopted.
We thank K. Sudoh and M. Oka for fruitful discussions. This work is supported in part
by Grant-in-Aid for Scientific Research on Priority Areas Elucidation of New Hadrons with
a Variety of Flavors (E01: 21105006) and by the Grants-in-Aid for Scientific Research from
JSPS (Grant No. 25247036).
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